The purpose of this paper is to develop a methodology to generate simplified models suitable for the analysis of the motion of a small particle, such as a spacecraft or an asteroid, in the Solar System. The procedure is based on applying refined Fourier analysis methods to the time-dependent functions that appear in the differential equations of the problem. The equations of the models obtained are quasi-periodic perturbations of the Restricted Three Body Problem that depend explicitly on natural frequencies of the Solar System. Some examples of these new models are given and compared with other ones found in the literature. For two of these new models, close to the Earth-Moon system, we have computed the dynamical substitutes of the collinear libration points.
Introduction
The main goal of this paper is the construction of quasi-periodic analytic models suitable for the study of the motion of a small particle in the Solar System. Without any simplification, the equations of the general problem form a set of 60 first order differential equations difficult to analyze. It is well known that very simple models, such as the Two Body Problem or the Restricted Three Body Problem (RTBP), are suitable for many purposes, since they give a good insight of dynamics in large regions of the phase space of the problem. Some of these models are restricted, which means that the small particle does not have any influence in the motion of the remaining bodies. The models introduced in this paper will be also restricted but not so simple as the ones already mentioned. We will try to keep within them the behavior of the dynamics related to the resonances between natural and excitation frequencies.
Most of the well known restricted problems take as starting point the RTBP. In our approach, instead of taking as starting equations those of the RTBP, we will consider Newton's equation for the motion of an infinitesimal body in the force field created by the bodies of the Solar System. Following the ideas of 1 , in Sect. 2 we introduce suitable reference systems and units such that, after selecting two bodies of the Solar System as primaries, the previously mentioned equations are set as a perturbation of the RTBP.
In Sect. 3, and for two particular choices of primaries, we perform the Fourier analysis of all the time periodic functions that appear in the new equations. In this way we are able to introduce a graded set of models with an increasing number of frequencies, that can be considered between the RTBP and the true equations. This is done in Sect. 4 . Finally, in the last section we compute the dynamical substitutes of the collinear equilibrium points for two of the intermediate models introduced, close to the Earth-Moon system. The computation of the dynamical substitutes of the libration points in models different from the ones developed here can be found in 2, 3, 4, 5 Most of the results to be developed in this paper can be also found in 6 . This reference includes additional details about the development of models for the Earth-Moon system, which are not be given here.
General equations of motion
Through the full paper, the set of bodies of the Solar System will be denoted by S = {P 1 , . . . , P 11 }
where P 1 ,. . . ,P 11 are the nine planets, the Moon and the Sun, respectively. The mass of P ∈ S will be denoted by m P .
Let us consider, in an intertial reference frame, Newton's equations for the motion of an infinitesimal body in the force field created by the bodies of the Solar System,
were G is the gravitational constant, R is the position of the infinitesimal body, R i is the position of the Solar System body i in the inertial system chosen and m i its mass. The associated Lagrangian is L(R, R , t
where R = (X, Y, Z) T is the position of Q, the prime denotes the derivative with respect to time, t * , R , R is the dot product between R and R , G is the gravitational constant, R i is the position of the body i ∈ S and · denotes the Euclidean norm. In practice, it is convenient that the reference frame and units, both in space and time, are consistent with the ephemerides data files used for the determination of R i .
Since we are interested in writing the equations of motion for Q as a perturbation of the RTBP equations, we must select two bodies I, J ∈ S with m I > m J , which will play the role of primaries. In this way, the mass parameter, µ, is defined as µ = m J /(m I + m J ), and so 1 − µ = m I /(m I +m J ). Next, we must introduce the synodic reference frame. Recall that the origin of this system is set at the barycenter of I, J and that the positions of the primaries are fixed at (µ, 0, 0) and (µ − 1, 0, 0) 7 .
Following Gómez et al. 1 , the transformation from synodical coordinates, r = (x, y, z)
T , to sidereal ones, R, is defined by
where -The translation, B, is given by
that clearly puts the barycenter of the primaries at the origin, -The orthogonal matrix C = (e 1 , e 2 , e 3 ), sets the primaries on the xaxis and turns the instantaneous plane of motion of the primaries into the xy plane (by requiring that the relative velocity of one primary with respect to the other has its third component equal to zero). The columns of C are
being R JI = R I − R J . -k = R JI is a scaling factor which makes the distance between the primaries to be constant and equal to 1.
It is important to remark that this change of variables is non-autonomous, since B, k and C depend on time through the components of R I and R J .
The change of coordinates given by Eq. (3) is checked to preserve the Lagrangian form of the equations and the new Lagrangian becomes
where s = Cr, r i is the position of the body i in dimensionless coordinates and S * represents the set of Solar System bodies without the two primaries I, J. To get the above expression of L, we use that C defines an orthogonal transformation and, hence, it preserves the scalar product and the Euclidean norm.
Finally, we want to use the same time units as those usual for the RTBP, where 2π time units correspond to one revolution of the primaries. If t * is some dynamical time and n is the mean motion of J with respect to I, then we perform the change of independent variable through
where t * 0 is a fixed epoch. From now on, t will be called dimensionless time. In Table 2 we give the values of n for the Earth-Moon and the Sun-(Earth+Moon) systems. In this second case, Earth+Moon means the Earth-Moon barycenter and, for this system, the Earth and the Moon are substituted in S by a fictitious body of mass m E + m M behaving as their barycenter. The values in Table 2 are averaged values through the 6000 years covered by the JPL ephemerides file DE406 8 , and have been computed from this file. Using Kepler's third law, G(m I + m J ) = n 2 a 3 , we can also define the mean semi-major axis of the orbit of one primary around the other; these values are also given in Table 2 . If we denote with a dot the derivative with respect to t, remove those terms independent of r andṙ and multiply by the scaling factor a/(G(m I + m J )) = 1/(n 2 a 2 ), the new Lagrangian can be written as
,
Since e 1 , e 2 , e 3 form an orthogonal basis, we have that e i , e j = δ ij , ė i , e j = − e i ,ė j and ė i , e i = 0 for i, j = 1, 2, 3. It can be further shown that ė 1 ,ė 2 = 0, ė 2 ,ė 3 = 0 and ė 1 , e 3 = 0. Recalling that r = (x, y, z) T , writing s = Cr = e 1 x + e 2 y + e 3 z and using the previous relations, we get L(r,ṙ, t) = a 1 (ẋ 2 +ẏ 2 +ż 2 ) + a 2 (xẋ + yẏ + zż) + a 3 (xẏ −ẋy)
where the a i are time dependent functions that can be computed in terms of the positions, velocities, accelerations and over-accelerations of the two primaries. Using Lagrange equations (d(∂L/∂ṙ)/dt = ∂L/∂r) we get the second-order differential equations
being
where µ I,J,j = mj mI +mJ and the b i time-dependent functions are defined as
We note that setting b i = 0 for i = 5, 7, 10, 13, b 5 = 2, b 7 = b 10 = b 13 = 1 and skipping the sum over S * in Eq. (6), the Eqs. (5) become the usual RTBP equations with mass parameter µ. Therefore, we can see Eqs. (5) as a perturbation of the RTBP equations. Once the primaries have been fixed, we will get an idea of the order of magnitude of the perturbation, by looking at the first coefficient of the Fourier expansions of the b i functions. The Fourier analysis of this functions will be done in the next sections for two different systems.
If we we introduce momenta as
we have
It is known that, in this case, the Hamiltonian of the model is given in terms of the Lagrangian as H(r, p, t) =ẋp x +ẏp y +żp z − L(r,ṙ, t), where p = (p x , p y , p z ) T andẋ,ẏ,ż can be written in terms of p x , p y , p z from (8) . After expanding the previous expression of H, skipping terms that do not depend on r, p and collecting we obtain
where
Note that setting c 1 = 1/2, c 3 = 1, c 15 = 1, the rest of c i equal to zero, and skipping the sum over S * , we recover the Hamiltonian of the RTBP 7 . The Hamiltonian of the bicircular coherent models 2,4 can also be recovered by setting c 1 = α 1 /2, c 2 = α 2 , c 3 = α 3 , c 12 = α 4 , c 13 = α 5 , c 15 = −α 6 , the rest of c i equal to zero, and letting the sum over S * run only over the Sun, with x S = α 7 , y S = α 8 and z S = 0.
Fourier analysis
This section is devoted to the results of the Fourier analysis applied to all the time-dependent functions appearing in Eqs. (5), (6), this is: the b j functions and the coordinates, x i , y i , z i , of the bodies of the Solar System included in S * . The Fourier analysis follows the methodology developed in Gḿez et al. 9 , which is a refined procedure that allows a very accurate determination of frequencies and amplitudes for analytic quasi-periodic functions. Here we will discuss the selection of the main parameters used in the method as well as the results obtained. Although the analysis can be done for any set of primaries, we have selected two different couples -the Earth and the Moon and the Sun and the Earth-Moon barycenter-because of their relevance in many spacecraft mission analysis simulations.
Fourier analysis of the b i functions
Using the algorithm described in 9 , we have performed Fourier analysis of the {b i } i=1,...,13 functions, both for the Earth-Moon case and the Sun-(Earth+Moon) case. This means that for each b i function we have obtained a set of frequencies and amplitudes that define its quasi-periodic approximation as a trigonometric polynomial, Q bi (t). As for any Fourier procedure, the most relevant parameters to be specified are the size, T , of the time (sampling) interval and the number, N , of equally spaced sampling points chosen in the interval. These parameters define, for instance, the Nyquist critical frequency, ω c = N/(2T ), that fixes the window within we will find all the frequencies (true or aliased) of our time series. So, the first thing that we need is some criteria to choose properly T and N .
Due to our implementation of the Fourier analysis procedure, the parameter N must range over powers of two. For consistency, the length, T , of the time-interval has also been chosen to range over a geometric progression, and the time-interval has always started at January 1st, 2001. The smallest time-interval length, T min , has been taken of 95 years (34698.75 Julian days) and the greatest time-interval length, T max , has been chosen as the maximum time-interval covered by the JPL DE406 ephemerides after Jan 1st 2001, which is 364938 Julian days (999.15 years). Therefore, we have let T range over the set {δ n T min } 10 n=0 where δ = (T max /T min ) 1/10 . The time units used are revolutions of the secondary (J) around the primary (I) or, equivalently, dimensionless time divided by 2π. The reason for this is that, in this way, the frequency 1.0 corresponds to one revolution of J around I, which has a more intuitive meaning (one lunar month in the Earth-Moon case, one sidereal year in the Sun-(Earth+Moon) case) that will help in the elaboration of the intermediate models of motion. Moreover, in order to evaluate the trigonometric approximations of the b i functions, we only have to multiply the frequencies found by the dimensionless time, without the need of an additional 2π factor.
The maximum number of samples N max has been chosen to be 2 20 , in order to allow for "comfortable" runs on machines with 64MB of memory (or, equivalently, bi-processor machines with 128MB). For each value of T , the minimum number of samples has been chosen such that N 2T ≥ 1.5, in order to make the maximum detectable frequency to be at least 1.5.
Assume that, for certain fixed values of T and N , we have performed Fourier analysis of a given function b i (t) obtaining the trigonometric polynomial Q bi (t). Then, we can easily compute the maximum difference between the analyzed function and its quasi-periodic approximation at the sampling points, that is,
where t l = l (T /N ), l = 0, . . . , N − 1 are the sampling epochs. In Figure 1 (Sun-(Earth+Moon) case, see 6 for the Earth-Moon one) we have represented, for all the b i functions, the minimum of d max with respect to the different values of N explored, when varying T according to the preceding discussion.
To reduce the leakage effect, in all the computations we have multiplied our data by a Hanning function of order two
The advantages of the Hanning function with respect to other well-known window functions 10 are its simplicity and its degree of differentiability. For instance, H n T (t) has degree 2n, whereas a general "triangle window function" T n T (t) has degree just n. This higher degree of regularity implies a faster decay of the Fourier coefficients (see 9 for more details).
In order to control aliasing, two different strategies have been followed. The first one is based on time-domain, and consists in computing the maximum difference between the initial function and its quasi-periodic approximation, over a refinement of the initial grid of data used for the Fourier analysis. This difference will be denoted as α 1 . If it increases significantly when increasing the number of points of the grid, then aliasing is very likely to occur. For this test, we have used a refinement with 16N equally spaced points in [0, T ].
The second anti-aliasing strategy is based on frequency-domain. It consists in computing the number of rightmost consecutive harmonics of the residual Discrete Fourier Transform (DFT) that have modulus less than a fraction of the maximum modulus of the residual DFT. Then, we divide this number by N/2, the total number of harmonics, and this defines the parameter α 2 . That is, if E i (t) = b i (t) − Q bi (t) is the error of the trigonometric approximation of b i (t) and c Ei,T,N (j), s Ei,T,N (j), j = 0, . . . , N/2, are the cosine and sine coefficients of its DFT, we compute
Then, for instance, a value of 0.2 for α 2 means that there are no frequencies greater than 0.8 · ω max = 0.8 · (N/2T ), with amplitude greater than 1/25 times the modulus of the residual DFT, so we do not expect aliasing in the corresponding Fourier analysis. We are assuming here that amplitudes decrease as frequencies increase, which is ensured by the Cauchy estimates of the Fourier coefficients for an analytic quasi-periodic function.
As an example of aliasing and how the two previously-described strategies detect it, we have represented in Figure 2 the residual DFT of some of the Fourier analysis of the b 1 function in the Earth-Moon case. Some numerical values of these analysis are given in Table 3 .1. In the left plot, we see that for N = 16384 there are frequencies of high amplitude near ω max = 4.02903. As we increase N , the amplitude of the frequencies near ω max decrease and the values of d max as well as the parameter α 1 of the first anti-aliasing strategy become closer. According to this, for the results displayed in Figure 1 only those analyses with α 1 < 1.2d max and α 2 ≥ 0.2 have been taken into account.
For the generation of simplified models for the Solar System, among all the analysis performed we have selected the best ones in terms of minimum d max . The corresponding parameters of these "best" analysis are given in Tables 3.1 (Earth-Moon) and 3.1 (Sun-(Earth+Moon)). Table 2 . Parameters associated to the Fourier analysis of Fig. 2 . 
Fourier analysis of the positions of the planets
In order to complete the quasi-periodic approximation of all the timedependent part in the vector-field given by Eqs. (5), we have performed Fourier analysis of each coordinate x i , y i , z i of the Solar System bodies in dimensionless coordinates, using the same procedure as for the analysis of the b i functions. Plots of the minimum value of d max with respect to N , for fixed values of T , as well as tables with the values of the parameters for best analyses, can be found in 6 . 
Generation of simplified Solar System models
In this section we will generate several simplified Solar System models using the Fourier approximations computed according to the previous section.
The models obtained will be compared with other ones through the computation of residual accelerations.
Adjustment using linear combinations of basic frequencies
In order to give a more physical meaning to the results obtained from the Fourier analysis, we will write the computed frequencies as linear combinations, with integer coefficients, of basic ones. These basic frequencies can be identified as "natural" frequencies of the planetary and lunar theories. The introduction in the Fourier expansions of the basic frequencies will be the key point for the construction of models of motion with increasing dynamical complexity.
In principle, the basic frequencies will be extracted from the list of frequencies computed in the Fourier analysis and using the procedure explained below. Nevertheless, in some cases it can be convenient to introduce a fixed set of basic frequencies obtained by other means, for instance from an analytical lunar theory, and then write all the computed frequencies as linear combinations of the ones in this fixed set. Both approaches will be considered in what follows.
In order to better describe the procedure, we need two definitions. Assume that ω 1 , . . . , ω n is a set of basic frequencies and that a frequency f can be written as f = k 1 ω 1 +. . .+k n ω n with k 1 , . . . , k n integer numbers, then we say that f is a linear combination of ω 1 , . . . , ω n of order k = |k 1 |+· · ·+|k n |. We say that f is a linear combination of ω 1 , . . . , ω n of order k within tolerance > 0 if, for some k 1 , . . . , k n such that k = |k 1 | + · · · + |k n |, we have
A simple approach for the determination of basic frequencies is:
(1) Choose a maximum order of the linear combinations to be found. This procedure may add extra basic frequencies (and thus end up with a rationally dependent set) in some cases, for instance, if the current frequency is an integer divisor of one of the basic frequencies. To avoid this, instead of trying to adjust the current frequency as linear combination of the basic ones, we will try to adjust zero as linear combination of the current frequency and the basic ones. If we succeed to do this and the current frequency gets a coefficient different from ±1, it may be necessary to divide some basic frequencies by this coefficient.
Simplified models for the Sun-(Earth+Moon) system
For the models to be developed in this section, and leaving aside the two primaries -Sun and Earth-Moon barycenter-, we will not consider any perturbing body in S * As it will be shown, this provides rather accurate models and, at the same time, avoids the introduction of additional basic frequencies. In this way, in the equations of motion (5), we will only use the Fourier expansions of b 1 , . . . , b 13 , and its general expression for the equations of motion will be
The super-index (i) that we have used for the b Once the different models have been produced, it is desirable to see if they are close or not the the "real" one, that is: the full equations of motion (Eqs. (5) and (6)) in which the time periodic functions, b i and x i , y i , z i , are computed using the JPL ephemeris files. For these purposes we first select 
along which the position, r(t), and velocity,ṙ(t), are known. We have done two kinds of selections. In the first one we have chosen for γ z a family of periodic halo orbits with different z-amplitudes; these orbits are true solutions of the RTBP (see 1 for their computation) and cover a large set of solutions with very different sizes. Then, given two models to be compared, with differential equationsr = f (r,ṙ, t) andr = g(r,ṙ, t), respectively, and given a trajectory, γ z , which does not need to be a true solution of any of the two models, we compute the "mean relative residual acceleration over γ" as
where t is a fixed epoch (in dimensionless units) and L is the length of the trajectory γ z (in configuration space).
For the second test the computations are similar except that we have taken instead of γ z (t) a set of points uniformly distributed around a large neighborhood of the equilibrium points. We have also required to their energy (Jacobi constant) to be in a certain interval around the value associated to the equilibrium points. The results obtained are analogous to the ones obtained for the halo orbits, and will not be given here.
In Table 4 .2, we compare the models RTBP, SSSM 1 and SSSM 4 with the real Solar System using the residual acceleration test introduced above. We note that the SSSM 4 model gives worse results than SSSM 1 . This is not a contradiction. Looking closer to Table 4 Therefore, for the Sun-(Earth+Moon) case, we will give SSSM 1 as simplified Solar System model. Note that this is a model with very few frequencies (just one) that significantly improves the RTBP. 
For the Earth-Moon models to be developed in this section, and leaving aside the two primaries -Earth and Moon-the Sun will be the only perturbing body in S * . As it will be shown, this provides rather accurate models and, at the same time, avoids the introduction of additional basic frequencies.
In a rather accurate theory for the lunar motion, as the simplified Brown theory given in 12 , the fundamental parameters can be expressed in terms of five basic frequencies. In terms of cycles per lunar revolution, their numerical values are
• The mean longitude of the Moon, which is set equal to ω 1 = 1.0.
• The mean elongation of the Moon from the Sun, ω 2 = 0.925195997455093. This is the frequency of the time-dependent part of the Bicircular Problem (BCP) and the Quasi-Bicircular Problem (QBCP) mentioned in the Introduction.
• The mean longitude of the lunar perigee, ω 3 = 8.45477852931292·10
−3 .
• The longitude of the mean ascending node of the lunar orbit on the ecliptic, ω 4 = 4.01883841204748 · 10 −3 .
• The Sun's mean longitude of perigee, ω 5 = 3.57408131981537 · 10 −6 .
The value of ω 5 is close to the lower frequencies computed in our Fourier expansions and, at the same time, is close to the precision we can expect in the determination of frequencies with the data used 9 . By these reasons and in order to have also a set of basic frequencies with astronomical meaning, we have adopted for the Earth-Moon models these frequencies as the basic set, instead of the ones provided by the procedure of Sect. 4.1.
This basic set of frequencies needs to be modified in order to give a sequence of models that successively improve the RTBP. The Fourier analysis results 6 suggest to consider a new frequency basis ν 1 , . . . , ν 5 , defined as:
• ν 1 = ω 2 , which is the main frequency of b 1 , b 2 , x S and y S , so it can be considered the "main planar frequency", which is coherent with the fact that that it is also the frequency of the BCP and QBCP models (see 13, 1 ).
• ν 2 = ω 1 − ω 3 , which allows to complete a first approximation of the largest functions among the b i and x S , y S , z S .
• ν 3 = ω 1 − ω 2 + ω 4 , which is the main frequency of b 3 .
• ν 4 = ω 1 − ω 5 , which is the first frequency of x S which cannot be expressed in terms of ν 1 , ν 2 , and • ν 5 = ω 5 −ω 2 , which is the first frequency of b 3 that cannot be expressed in terms of ν 1 , ν 2 , ν 3 , ν 4 .
In order to check all the above statements, the full Fourier expansions can be found in 11 or provided by the authors. The new basis verifies
Since the matrix in the above transformation is unimodular, {ν i } i=1,...,5 is a valid basic set of frequencies.
The results for the residual accelerations are given in Table 4 .3, using as test paths several halo orbits around the collinear equilibrium point L 2 . As it has already been mentioned, the results with other trajectories, or other equilibrium points, give the same qualitative information. From this table, it becomes clear that the best one-frequency models that we can be used, Table 7 . Mean residual accelerations between several models and the real Solar System over selected halo orbits of the RTBP around L 2 in the Earth-Moon case. The first column displays the z-amplitude of the halo orbit used as test orbit. The remaining columns show the mean residual acceleration between the corresponding model and the real Solar System over the test orbit. according to the residual acceleration criteria, are the BCP and the QBCP. But, when we allow two or more frequencies, the models we get fit the JPL one much better. As it has been said, only the Sun has been taken into account in all the intermediate models. By adding additional Solar System bodies, the residual accelerations are of the same order of magnitude than the ones obtained just using the Sun. It is also clear that, from this point of view, there is not a significant improvement between the RTBP and the non-autonomous Bicircular and Quasi Bicircular models.
Dynamical substitutes of the collinear libration points
As it is well known, the RTBP has five equilibrium points: three of them (L 1 , L 2 , L 3 ) are collinear with the primaries and the other two (L 4 and L 5 ) form an equilateral triangle with them. Although the intermediate models introduced in the preceding section are close to the RTBP, they are non autonomous, so they do not have any critical point. If we consider the SSSM 1 model, since it depends on only one frequency, it can be seen as a periodic perturbation of the RTBP so, under very general non-resonance conditions between the natural modes around the equilibrium points and the perturbing frequency, the libration points can be continued to periodic orbits of the model. These periodic orbits, which have the same period as the perturbation, are the dynamical substitutes of the equilibrium points. In this section we will show these substitutes for the three collinear equilibrium points for SSSM 1 , in the Earth-Moon system. For the other models, SSSM 2 ,. . . ,SSSM 5 , as the perturbation is quasi-periodic, the corresponding substitutes will be also quasi-periodic solutions. The methodology for their efficient computation, as well as the results obtained, will appear elsewhere. The dynamical substitutes of the triangular points in the Earth-Moon system, for models close to the ones of this paper, have been studied in 14 ,
13
and 15 and will not be considered here. The numerical computation of the periodic orbits of SSSM 1 that substitute L 1 and L 3 has no problem and the results obtained are shown in Figure 3 . We can see that L 1 is replaced by a very small size periodic orbit and that the substitute of L 3 is also almost planar but rather large in the (x, y)-plane. The computation of the substitute of L 2 , also displayed in Figure 3 , requires more care. Mainly, we need to introduce a continuation parameter between the RTBP and SSSM 1 , so we consider the 1-parameter family of vector-fields which can be formally written as (1 − ε)RTBP + εSSSM 1 .
If ε = 0 we get the RTBP and when ε = 1 we get the desired final model SSSM 1 .
The dynamical substitutes of L 1,2,3 in SSSM 2 are two-dimensional invariant tori. They can be computed as follows 5, 16 : the SSSM 2 model can be written asẋ = f (x, νt)
where ν = (ν 1 , ν 2 ) and f is 2π-periodic in νt. We do not actually compute a 2D invariant torus but an invariant curve inside it. For that, we solve numerically for ϕ the equation Using continuation techniques 17 , we can reach the substitutes of the collinear libration points in SSSM 2 along the homothopy of models (1 − ε)SSSM 1 + εSSSM 2 . As an example, we display in Figure 5 the results for the L 1 point of the Earth-Moon case. 
